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Chapter 18
Analysing a pair of tables: coinertia analysis
and duality diagrams
Stéphane DRAY
In many fields (e.g., ecology, psychometrics, social science and marketing), researchers are faced with the challenge of summarizing the information
contained in large data sets. In this context, multivariate analysis provides
efficient tools for identifying the relationships between variables and the similarities between statistical units/individuals. Due to the natural boundaries
between disciplines or schools of thought, several multivariate methods have
been invented and reinvented by different groups in different countries for
different purposes. This situation has resulted in a variety of apparently different methods that actually lead to the same equations for analyzing the
same data. For instance, Greenacre (1984, chapter 1.3) detailed the history
of correspondence analysis (CA) and showed how this method has been rediscovered several times in biometrics, psychometrics and linguistics. This process can be explained by the diversity of viewpoints adopted by researchers to
describe a method (e.g., geometrical versus numerical or individual-centered
versus variable-centered). Several authors have tried to provide a unifying
mathematical framework to summarize the different properties of a given
method and thus to identify analogies between existing methods. The duality diagram theory was first presented in Cazes (1970) and popularized by
Cailliez and Pagès (1976) in a French book entitled ”Introduction à l’Analyse
des Données”. Several French authors adopted this theory but I believe that
it remains poorly known by statisticians outside France. Daniel Chessel, my
PhD advisor, used the duality diagram as a formal way to develop new multivariate methods in ecology (e.g., Dolédec and Chessel, 1994; Dolédec et al.,
1996). He implemented this framework in the ADE-4 software (Thioulouse
et al., 1997) and several years later in the R package ade4 (Chessel, Dufour
and Thioulouse, 2004; Dray and Dufour, 2007; Dray, Dufour and Chessel,
2007). Hence, similarly to Obelix (Goscinny and Uderzo, 1989), I fell into
the magical duality diagram when I was a little boy and then I have used it
as a central framework in my further works.
Seven years after Cailliez and Pagès’s book came out, Ramsay and de Leeuw
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(1983) wrote a dithyrambic review and concluded that they ”hope it will not
be long before an English language counterpart appears”. The book has
never been translated into English, which is probably a major reason for its
low impact on non-French readers. This lack is partially addressed by Escoufier (1987), Holmes (2006) and Dray and Dufour (2007), who provided a
general overview of the duality diagram theory in English. More recently, a
special section on modern multivariate analysis published in ”The Annals of
Applied Statistics” demonstrated the power of the duality diagram approach
for analyzing data of different formats (De la Cruz and Holmes, 2011), including spatial (Dray and Jombart, 2011), temporal (Thioulouse, 2011) or
phylogenetic (Purdom, 2011) information. To date, the most convincing application of the duality diagram is probably that found in Tenenhaus and
Young (1985), which provided an overview of multiple correspondence analysis and related methods to quantify categorical multivariate data.
This chapter presents the duality diagram theory and its application to
the analysis of a contingency table by correspondence analysis. Subsequently,
I show how the framework can be generalized to the analysis of a pair of tables
focusing on coinertia analysis (Dolédec and Chessel, 1994), and I conclude
with several extensions.

18.1

The duality diagram

Definition
Let X be a matrix containing data for p variables (columns) collected from
n individuals (rows). From a geometrical viewpoint, we can consider this
information either as p points (the variables x1 , · · · , xp ) in Rn or as n points
(the individuals x1 , · · · , xn ) in Rp . These two viewpoints suggest two related
objectives:
• the comparison of the variables. To conduct this study, it is necessary
to define D, an n × n positive symmetric matrix used as an inner
product in Rn allowing the computation of relationships between the p
variables.
• the comparison of individuals. In this case, a p × p positive symmetric
matrix Q used as an inner product in Rp allows the quantification of
the resemblances (distances) between the n individuals.
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Multivariate analysis considers both questions simultaneously and leads to
the definition of the triplet (X, Q, D) represented in the following diagram:
Rp∗
O

X

/

Rn

Q



Rp o

D

Rn∗
X>

In this diagram, we can see that four spaces are associated to the data
table:
• the individual space (Rp ) which contains the n individuals;
• the variable space (Rn ) which contains the p variables;
>
p∗
• the variable coefficient space (Rp∗ ): an element
Pp g = i[g1 , · · · , gp ] of R
is used to define a new synthetic variable i=1 gi x . It is the space of
linear functions on Rp and may be considerd as the dual space of Rp .

• the individual coefficient space (Rn∗ ): an
element f = [f1 , · · · , fn ] > of
P
n
Rn∗ is used to define a new individual i=1 fi xi . It is the dual space
of Rn .
If a researcher is mainly interested in the first objective (relationships
between variables), the analysis of the diagram in Rn consists of the eigendecomposition of XQX>D:
XQX>DA = AΛr and A>DA = Ir
The r nonzero eigenvalues λ1 > λ2 > · · · > λr > 0 are stored in the
diagonal matrix Λr , and A = [a1 , · · · , ar ] is an n × r matrix containing the
associated eigenvectors (in columns). These eigenvectors are typically known
as the principal components onto which the columns of X are projected to
obtain scores for the variables (C = X>DA).
In contrast, if the study aims to compare individuals, the analysis of
the diagram in Rp consists of the eigendecomposition of X>DXQ. Leftmultiplying the previous equation by X>D leads to the following:
(X>D)XQX>DA = (X>D)AΛr
−1/2

If B = X>DAΛr

, we obtain:
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X>DXQB = BΛr and B>QB = Ir
The p × r matrix B = [b1 , · · · , br ] contains eigenvectors (in the columns)
that are usually known as the principal axes. The rows of X are then projected onto the principal axes to produce scores for the individuals (L =
XQB).
From this diagram, we can define two other operators, QX>DX and
DXQX>, that can be diagonalized in Rp∗ and Rn∗ , respectively. These decompositions produce the same eigenvalues, and the associated eigenvectors
are the principal factors (G) and the principal cofactors (F), respectively.
There are several close relationships between the four eigendecompositions;
therefore only one system of axes is required to compute the three others.
For instance, we have the following transition formulas:
G = QB, A = XGΛ−(1/2)
, F = DA and B = X>FΛ−(1/2)
r
r
Using these transition formulas, the product AΛr1/2 B> can be rewritten
as:
>
>
AΛ1/2
r B = AA DX

Left-multiplication by A>D leads to:
A>DAΛr1/2 B> = A>DX
AΛr1/2 B> = X

The diagonalization of a duality diagram is thus similar to the generalized
singular value decomposition of X (Eckart and Young, 1936). The singular
1/2
values are contained in the diagonal matrix Λr and the singular vectors
stored in the matrices A and B are orthonormalized with respect to D and
Q respectively (A>DA = B>QB = Ir ).
Properties
There are several properties linked to the diagonalization of a duality diagram:
• The vectors a1 , a2 , . . . , ar successively maximize, under the D-orthogonality
constraint, the quadratic form k X>Da k2Q .
• The vectors b1 , b2 , . . . , br successively maximize, under the Q-orthogonality
constraint, the quadratic form k XQb k2D .
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• The vectors f 1 , f 2 , . . . , f r successively maximize, under the D−1 -orthogonality
constraint, the quadratic form k X>f k2Q .
• The vectors g1 , g2 , . . . , gr successively maximize, under the Q−1 -orthogonality
constraint, the quadratic form k Xg k2D .
• If we search for a pair of vectors b (a Q-normalized vector of Rp )
and a (a D-normalized vector of Rn ) that maximize the inner product
hXQb|aiD = X>Da|b Q , the solution is unique. It is obtained for
√
b = b1 and a = a1 , and the maximum is equal to λ1 . Under the
orthogonality constraint, these results can be extended for the other
pairs.
If D is diagonal, we can compute the total inertia for the cloud of row
vectors (in Rp ) as follows:
inertia(X, Q, D) =

n
X

dii k

xi k2Q

>

= trace(XQX D) =

i=1

r
X

λi

i=1

where dij is the element in the i -th row and j -th column of D, and xi is the i th row of the matrix X. The rows of X can be projected onto a Q-normalized
vector b, and the projected inertia is then equal to:
inertia(b) = b>QX>DXQb =k XQb k2D
Hence, it appears that the diagonalization of the diagram consists of
identifying a set of Q-normalized vectors (the principal axes) that maximize
the projected inertia. The inertia projected onto the principal axis bk is
equal to λk .

18.2

Playing with correspondence analysis

The duality diagram is very general, which enables each analysis to be defined
as a particular choice for matrices X, Q and D. To illustrate its use, I
consider the case of the correspondence analysis of an n × p contingency
table N = [nij ], where nij is the count for the i -th row and j -column. From
the correspondence matrix P = N/n++ (where n++ is the grand total of the
contingency table), two vectors r = P1p (n × 1) and c = P>1n (p × 1) of
row and column masses are derived. The diagonal matrices of the row and
column weights are:
Dr = diag(r) and Dc = diag(c)
5
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Lastly, the matrix P is doubly centered, such that P0 = P − Dr 1n 1p>Dc .
−1
Correspondence analysis is the analysis of the triplet (D−1
r P0 Dc , Dc , Dr ),
and the associated diagram is:
−1
D−1
r P 0 Dc

p∗

RO

/

Rn

Dc



Rp o

Dr

Rn∗
> −1
D−1
c P0 Dr

This diagram is equivalent to:
Rp∗
O

D−1
c

/ Rp∗

P0

/

Rn

D−1
r

Dc

Rp o

D−1
c

Rp o

P0>

Rn∗ o

/

Rn


D−1
r

Dr

Rn∗

Applying the general formulas of the duality diagram to the CA triplet allows the definition of several properties. This analysis searches for a principal
axis b maximizing
−1
2
−1
2
k D−1
r P0 Dc Dc b kDr =k Dr P0 b kDr

The matrix D−1
r P0 contains the centered row profiles such that the product
−1
Dr P0 b places rows at the barycenters (weighted averages) of the column
points, and thus the quantity maximized is simply a variance between rows.
Hence, in Rp , columns have a unit-variance score b that maximizes the variance between the row barycenters. In Rn , CA searches for a principal axis a
maximizing
> −1
2
−1
>
2
k D−1
c P0 Dr Dr a kDc =k Dc P0 a kDc
>
By symmetry, the matrix D−1
c P0 contains the centered column profiles such
>
that the product D−1
c P0 a places columns at the barycenters (weighted
averages) of the row points (a). Hence, the rows are placed by a unitvariance score a that maximizes the variance between column barycenters
(k Dc−1 P0>a k2Dc ). It can be demonstrated (see e.g., Greenacre, 1984, p. 92)
that replacing P0 with P produces the same results, except that one trivial
dimension with an eigenvalue equal to one is produced.
These two viewpoints show that CA treats the rows and columns of the
contingency table simultaneously and in a symmetric manner. Hence, analyzing N or N> produces the same results. Manipulating the original duality
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diagram allows the highlighting of two different geometrical interpretations
for rows and columns. We can rewrite the CA diagram and thus obtain a
new statistical triplet (represented by the dashed rectangle):
Rp∗
O
Dc

Rp o

D−1
c

/ Rp∗
O

P0

/

Rn

D−1
r

/

D−1
c

Rn

D−1
c

Rp o

Rn∗ o

P0>

Dr



Rn∗

D−1
r

−1
Hence, CA also corresponds to the triplet (D−1
r P0 , Dc , Dr ). In this case,
the analysis considers the centered row profiles (D−1
r P0 ), with weights (Dr )
n
).
Note
that
in
R
,
the
analysis
of the row profiles
and χ2 metrics (D−1
c
returns exactly the same principal components as the analysis of the original
diagram. CA can also be rewritten as follows:

Rp∗
O

D−1
c

/ Rp∗

P0

Dc

Rp o

D−1
c

Rp o

/

Rn


P0>

D−1
r

D−1
r

Rn∗ o

D−1
r

/

Rn


Dr

Rn∗

In this case, CA corresponds to the analysis of the centered column prop
>
2
−1
files (D−1
c P0 ), with weights (Dc ) and χ metrics (Dr ). Note that, in R ,
the analysis of the column profiles returns exactly the same principal axes
as the analysis of the original diagram. Hence, manipulating the original
CA diagram shows that it corresponds to two analyses of two sets of points
(row or column) with two different metrics and weighting matrices. These
two viewpoints correspond to two discriminant analyses that identify linear
combinations of columns (or rows) that maximize the separation of the rows
(or columns).
Lastly, a third viewpoint can be identified that corresponds to the triplet
−1
(P0 , D−1
c , Dr ):
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Rp∗
O

D−1
c

/

P0

Rp∗
O

/

D−1
c

Dc

Rp o



Rp o

D−1
c

D−1
r

Rn
D−1
r

Rn∗ o

P0

/ Rn


Dr

Rn∗

D−1
r

−1
To simplify the presentation, I will consider the triplet (P, D−1
c , Dr ),
which is equivalent but produces an additional trivial dimension associated
with the eigenvalue λ1 = 1 and eigenvectors a1 = 1n , b1 = 1p . The contingency table N is the result of the crossing of two qualitative variables. The
information is encoded as dummy variables indicating to which categories of
the two variables each individual belongs:

n++ individuals













n categories p categories
z
}|
{ z }| {

×

Zn

Zp












p
z
}|
{






⇒n
N






Let Dz = diag(1/n++ , · · · , 1/n++ ) be a weighting matrix for the n++
individuals. We have the following relationships:
P = Zn>Dz Zp , Dr = Zn>Dz Zn and Dc = Zp>Dz Zp
−1
−1
Using these relationships,
we can then rewrite the analysis

 of (P, Dc , Dr )
−1
−1
as the analysis of Zn>Dz Zp , (Zp>Dz Zp ) , (Zn>Dz Zn )
.
Zn>Dz Zp

Rp∗
O

/

Rn

−1

−1

(Zp>Dz Zp )



Rp o

(Zn>Dz Zn )

Rn∗
(Zn>Dz Zp )>

In this analysis, the orthogonality constraint on the principal cofactor f
leads to:
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k f k2((Zp>Dz Zp )−1 )−1 = f>Zp>Dz Zp f =k Zp f k2Dz = 1
Hence, the principal cofactors can be viewed as coefficients for the p
dummy variables, allowing the computation of a linear combination of unit
variance Zp f . In contrast, we obtain a linear combination of the n dummy
variables (Zn g) due to the orthogonality constraint on the principal factor
g:
k g k2((Zn>Dz Zn )−1 )−1 = g>Zn>Dz Zn g =k Zn g k2Dz = 1
Using the transition formulas, the inner product maximized by the analysis can be rewritten as:
D

E

−1
Zp>Dz Zn (Zn>Dz Zn ) a|b

−1>

(Zn>Dz Zn )−1

= b>(Zn>Dz Zn )

= g>Zp>Dz Zn f = cor(Zp g, Zn f )
Hence, it appears that CA is a particular case of canonical correlation analysis
(Hotelling, 1936) that searches for a linear combination of rows (Zn f ) and a
linear combination of columns (Zp g) of maximal correlation.
The duality diagram appears to be a powerful and unifying tool to easily
describe the various properties of an analysis. This tool provides a mathematical framework that facilitates the development and comparison of multivariate methods. In this study, we identify four diagrams associated with
CA that were completely described by Cazes, Chessel and Dolédec (1988).
The canonical correlation viewpoint is explicit in Williams (1952) and is used
by Thioulouse and Chessel (1992) and Gimaret-Carpentier, Dray and Pascal
(2003) in an ecological context. The discriminant analysis viewpoint is used
in ecology by Hill (1973, 1974) and extended by ter Braak (1987) to introduce
a table of explanatory variables in canonical correspondence analysis.

18.3

Relating two diagrams

In many situations, two sets of variables are measured on the same set of
n individuals. This information is stored in two matrices, X (n × p) and
Y (n × m). Each set of variables can be treated by a multivariate analysis

9
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defining two statistical triplets (X, Q, D) and (Y, M, D):
X

Rp∗
O

/

Rn

Q

D



Rp o

Y

Rm∗
O

/

M



Rm o

Rn∗

Rn
D

Rn∗

X>

Y>

Note that D is common to the two triplets because we consider the same
individuals in the two analyses. The individuals can be represented as a
cloud of n points in Rp (rows of X) or as n points in Rm (rows of Y).
Although separate analysis allows the independent study of the structures in
each table, a relevant question is the evaluation of the concordance between
these two configurations of individuals. To achieve this goal, the two duality
diagrams must be combined into a single analysis to identify which structures
are common to both data sets (i.e., co-structures):
X

Rp∗
O

/

Q



Rp o

Y

Rn o
D

Rm∗
O
M

/

Rn∗
X>

Rm

Y>

The above diagram can be rewritten as follows:
p∗

X

RO

/

n

D

R

/

n∗

Y>

R

/

Rm

Q

Rp o

Rn∗ o
X>



Rn o
D

M

Rm∗
Y

Coinertia analysis (Dolédec and Chessel, 1994) is the
 analysis of this
diagram and thus is defined by the triplet Y>DX, Q, M . The total inertia
associated with this triplet is equal to
inertia(Y>DX, Q, M) = trace(Y>DXQX>DYM)
This quantity is a measure of the concordance between the two data
sets and is equal to the numerator of the RV coefficient (Escoufier, 1973,
- see chapter by Pagès in this book), a multivariate generalization of the
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squared correlation coefficient. Coinertia analysis decomposes this vectorial
covariance onto orthogonal axes, and the general properties of the diagram
lead to the maximization of the following inner product:
Y>DXQb|a

M

= a>MY>DXQb = hXQb|YMaiD =

√
λ

If X an Y contain centered variables, the total inertia is simply a sum of
squared
between all combinations of variables of the two data sets
P Pcovariances
2
i
( pi=1 m
cov
(x
,
yj )). In this case, coinertia analysis finds two vectors
j=1
of coefficients b and a to obtain linear combinations of the variable of X
and Y of maximal covariance (hXQb|YMaiD = cov(XQb, YMa)). This
covariance can be decomposed as a product of three factors:
cov(XQb, YMa) = cor(XQb, YMa)· k XQb kD · k YMa kD
The first term (cor(XQb, YMa)) is optimized by canonical correlation
analysis. The second (k XQb kD ) is maximized by the analysis of X
that aims to identify the main structures in this data set. The last term
(k YMa kD ) corresponds to the simple analysis of Y. Hence, coinertia analysis can be viewed as a compromise between the three analyses aiming to find
linear combinations of the two data sets with maximal co-structure. Unlike
canonical correlation analysis, which requires many more individuals than
variables, coinertia analysis is based on covariances and thus allows us to
deal with tables in which the number of individuals is less than the number
of variables. In this context, it shares certain similarities with the partial
least squares methods (Burnham et al., 1996; Krishnan et al., 2010).
The duality diagram of coinertia analysis is very general and encompasses
several existing methods as particular cases (Chessel and Mercier, 1993). If
X and Y are analyzed by a normed principal component analysis, coinertia analysis corresponds to Tucker’s (1958) inter-battery analysis. It is
also similar to Procrustes rotation (Dray, Chessel and Thioulouse, 2003b;
Gower, 1971) and two-block partial least-squares (Rohlf and Corti, 2000).
If M = (Y>DY)−1 and Q = (X>DX)−1 , coinertia analysis is equivalent to
canonical correlation analysis. If only Q = (X>DX)−1 , it corresponds to
principal component analysis with instrumental variables (Rao, 1964), also
known as redundancy analysis (van den Wollenberg, 1977), which aims to
study the variation in Y explained by X. When Y is a contingency table analyzed by correspondence analysis and Q = (X>DX)−1 , it is similar
to canonical correspondence analysis (ter Braak, 1987). If both X and Y
contain qualitative variables and are analyzed by multiple correspondence
analysis, coinertia analysis corresponds to the correspondence analysis of the
Burt matrix. The only difference is that coinertia analysis preserved the
11
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original structure of the data whereas the correspondence analysis viewpoint
does not consider the individuals (i.e. the rows of X and Y). It is thus
linked to the works of Leclerc (1975) and Benzécri (1982) if a table contains
only one categorical variable, whereas Cazes (1980) provides insights into
positioning the rows as supplementary points. Lastly, we consider a situation that is often encountered in community ecology: the abundance of q
species (the columns of Y) is sampled in n sites (rows) for which qualitative
environmental variables (columns of X) are measured. A common practice
is to construct a table of ecological profiles summarizing the distribution of
species in the different environmental classes (e.g., Sabatier et al., 1997). Correspondence analysis of the ecological profiles table (Bonin and Roux, 1978;
Romane, 1972) is equivalent to coinertia analysis in which Y is analyzed
by a correspondence analysis and X is treated by multiple correspondence
analysis (Mercier, Chessel and Dolédec, 1992).
Coinertia analysis is based on a very general principle that has been extended to several situations (Dray, Chessel and Thioulouse, 2003a) to analyze
a series of tables (Chessel and Hanafi, 1996) or to link external information
on both rows and columns of a contingency table (Dolédec et al., 1996). The
presentation based on the duality diagram allows to summarize the various
properties of a method and thus to simplify the comparison among methods. These abilities would be helpful in identifying concordances between
methods that have been developed in different fields with few connections
but similar methodological questions. For instance, I recently discovered the
SVD method described by Bretherton, Smith and Wallace (1992) in a review
of two-tables methods in climatology. This method is similar to a coinertia analysis between two centered principal component analyses. The use
of a common mathematical language, as provided by the duality diagram
theory, would probably improve exchanges between statisticians working in
psychometrics, chemometrics, ecology, climatology and other fields.
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