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Abstract. Dynamic Programming (DP) based change-point methods
have shown very good statistical performance on DNA copy number
analysis. However, the quadratic algorithmic complexity of DP has limited their use on high-density arrays or next generation sequencing data.
This complexity issue is particularly critical for segmentation and calling
of segments, and for the joint segmentation of many diﬀerent proﬁles. Our
contribution is two-fold. First we provide an at worst linear DP algorithm
for segmentation and calling, which allows the use of DP-based segmentation on high-density arrays with a considerably reduced computational
cost. For the joint segmentation issue we provide a parallel version of the
cghseg package which now allows us to analyze more than 1,000 proﬁles
of length 100,000 within a few hours. Therefore our method and software
package are adapted to the next generation of computers (multi-cores)
and experiments (very large proﬁles).
Keywords: DNA copy number · Dynamic Programming
tion · Joint segmentation · Parallel computing
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Segmenta-

Introduction

Segmenting heterogeneous signals into regions of common characteristics is often
required for biologists that face high dimensional information. This partitioning
helps reducing the dimension of the data and provides guidelines for interpretation and further biological investigation. Such methods have been widely applied
in Genomics, to unravel DNA sequences structures using base composition [6], to
segment expression proﬁles [2,7], and to determine copy-number variations based
on array CGH data. Microarray CGH data analysis is certainly the ﬁeld for which
every possible method of segmentation have been tried. Three main categories
of methods lead to many developments: Circular Binary Segmentation (CBS,
[8]), Hidden Markov Models [5], and change-point analysis [10,11]. Our purpose
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in this work is not to compare the diﬀerent methods for array CGH analysis.
Such comparisons have been done elsewhere [18], and extensive reviews now exist
on the subject [14,16]. Our focus is the following: in every comparative study,
change-point analysis based on Dynamic Programming (DP) has shown excellent
performance along with CBS [3,18]. The advantage of DP-based segmentation is
that it provides the best global segmentation, i.e. the segmentation that globally
minimizes a likelihood criterion, whereas local approaches like CBS only provide
local minimizers. Moreover, change-point models can also integrate a calling
step that is used to cluster segments that show the same copy-number on average (also called segmentation/clustering) [11,17], which has been shown to be of
central importance in the segmentation process [18]. Unfortunately, the algorithmic complexity of DP is proportional to the square of the signal’s length, which
has hampered the use of such method on high-density arrays for instance. This
issue has become even more problematic when dealing with population-based
or joint segmentation [9,15,20]. Our contribution is two-fold: ﬁrst we provide
a linearized version of the DP algorithm for segmentation/clustering adapting
pruning strategies that have recently emerged in the ﬁeld [4,13]. Secondly we
deal with the joint segmentation issue by providing a parallel version of existing
algorithms implemented in the cghseg package. With the growing availability of
multicore computers (from laptops to many-core servers), it has become essential
to provide software that use every available resource. R has been a tremendous
platform for package distribution, and here we provide a new version of the
cghseg package, a next generation package that is adaptive to available computing power. The performance of cghseg are impressive: segmenting 1,000 proﬁles
of length 100,000 can now be done in few hours, which was impossible before.
This makes segmentation models a new exact investigation method that can be
used in routine for exploratory as well as deep analysis.

2

Linearization of Dynamic Programming
for Segmentation and Segmentation/Clustering

The purpose of segmentation is to partition a signal of n observations {Y (t)}
into K segments of homogeneous distributional parameter. In this section we
deal with the univariate segmentation of one array CGH proﬁle, the case of
Joint multivariate segmentation being considered in Sect. 3. In the following
a segment is an interval delimited by two change-points τk , τk+1 for instance.
rk = [[τk , τk+1 − 1]] stands for segment k. To stick to this deﬁnition for the ﬁrst
and last segment we use the convention τ0 = 1 and τK = n + 1. A segmentation
in K segments is denoted by m(K) = {r0 , r1 , . . . , rK−1 }.
A standard statistical model for segmentation is the detection of changes
in the mean of a signal, such that ∀t ∈ rk , Y (t) ∼ N (μk , σ 2 ). In the special
case of array CGH, an additional step is the “calling” step that is performed by
introducing additional (hidden) label variables {Z(rk )}k to cluster each segment
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into categories such as deleted, normal, amplified (not limited to 3 states).
Then the segmentation/clustering model becomes:
∀t ∈ rk , ∀p ∈ {1...P }, Y (t)|{Z(rk ) = p} ∼ N (μp , σ 2 ),
with P the total (ﬁxed) number of hidden states, with πp the proportion of
segments in each state.
Once the statistical model has been deﬁned, the main algorithmic challenge
lies in the exact determination of the boundaries of segments {τk } (and not
in the estimation of mean parameters μk s or μp s depending on the model).
A well known solution to this problem is to use Dynamic Programming for
a given number of segments K to ﬁnd the best global segmentation in terms
of “cost” (to be deﬁned). In this work, we do not deal with the issue of model
selection to estimate K and P , discussed elsewhere [10,19]. To perform Dynamic
Programming, we need to deﬁne the “unit” cost of a generic segment r = [[t1 , t2 ]],
which is given by minus the local log-likelihood calculated on r:

2
2
the mean
t∈r (y(t)
(1)
 − μr ) /2σ, for segmentation in
C(r) =
2
2
, for seg/clust,
− log
p πp exp −
t∈r (y(t) − μp ) /2σ
with superscript (1) standing for “one segment”. A main diﬀerence between the
two models lies in the estimation of the mean parameters. In the case of segmentation in the mean, parameters {μk }k can be estimated directly by the empirical
means of segments while computing the position of the breaks. In the case of
segmentation/clustering, parameters {μp }p are common across segments. Consequently, they are ﬁxed while computing breakpoint coordinates, and they are
estimated iteratively by using an EM-algorithm, leading to a so-called DP-EM
algorithm [11]. In the case of segmentation/clustering, we propose to simplify the
cost function by using a classification cost function, an approximation denoted
 (1) which consists in focusing on the dominant term within the sum over P
by C
(r)
exponentials:

(y(t) − μp )2
(1)
 = min
C
+ log(πp ) .
(1)
(r)
p
2σ 2
t∈r
This cost function is analog to the cost function that is used in standard k-means
algorithms.
Since the purpose is to ﬁnd the global minimum of the total cost function
into K segments, we also introduce the set of all segmentations of a given seg(K)
(K)
ment r into K segments such that M(r) = Mt1 ,t2 . Then the optimal cost of a
segmentation of r into K segments and its associated optimal segmentation are
deﬁned as:


(K)

C(r) =

(1)

min

(K)
m∈M(r)

r∈m

C(r)

(K)

, and m(r) = argmin

(K)
m∈M(r)

(1)

r∈m

C(r)

.

 (1) is used (Eq. (1)), we use notations C
 (K) and
Similarly, when Approximation C
(r)
(r)
(K)

m
 (r) . When the cost of a segmentation is segment additive (which is the case
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in both models), a O(Kn2 ) Dynamic Programming algorithm can be built to
recover the best exact segmentation (into 1 to K segments).
2.1

Original Dynamic Programming Algorithm for Segmentation

A basic statement is that the cost of a given segmentation is the sum of the
cost of its segments. Thus the Bellman optimality principal holds and we have:
(k+1)
(k)
(1)
= minτ ≤t {C1,τ −1 + Cτ,t }. Using this update rule a Dynamic ProgramC1,t
(k+1)

for all t ≤ n and k ≤ K. This
ming algorithm can be built to recover all C1,t
can be done using Algorithm 1 for instance. For simplicity we did not include
(1)
(k)
the initialization of all C1,t for t ≤ n and of all C1,t for k ≤ K and t < k. All
(k)

(1)

C1,t are initialized as +∞ and C1,t are initialized using their deﬁnition. This
(1)

algorithm assumes that all Ct1 ,t2 have been pre-computed and stored (in a n
by n matrix) or that they can be eﬃciently computed on the ﬂy, which is the
case for every models we consider here. At step k, t of Algorithm 1 O(t) basic
operations are performed. If we sum these for all k < K and t < n we see that
the algorithm has a O(Kn2 ) time complexity. This n2 factor is the main reason
why Dynamic Programming can be prohibitive to use on large signals (like SNP
arrays for instance).

Algorithm 1. Standard DP algorithm
Input: Y (t) a proﬁle of n observations, K an integer
(k)
(k)
Output: C1,t in R and M1,t in N for all k ≤ K and t ≤ n
for t ∈ [[1, n]] do
(1)
(1)
C1,t = C1t ; M1,t = 0
end for
for k ∈ [[2, min(t, K)]] do
for t ∈ [[1, n]] do
(k)
(k−1)
(1)
(k)
(k−1)
(1)
min {C1,τ + C(τ +1)t } ; M1,t = argmin {C1,τ + C(τ +1)t }
C1,t =
k−1≤τ ≤t−1

k−1≤τ ≤t−1

end for
end for

2.2

A Linear Dynamic Programming Algorithm
for the Classification Cost Function

 rather than C
An important consequence of using the classiﬁcation cost C
(r)
(r)
is that the set of candidate segmentations can be pruned eﬃciently. The idea of
pruning the set of candidate segmentations is not new and was proposed for other
cost functions [4,13]. In these two algorithms the pruning step usually allows for
an important speed up and the average time complexity is for many signal in
O(n) or O(n log(n)). Nonetheless, in both cases, the worst case is quadratic with
(1)

(1)
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respect to n. In the case of the classiﬁcation cost however the pruning step is
particularly eﬃcient and we can guarantee that the time and space complexity of
the algorithm are at worst in O(KP n). Furthermore, we can also guarantee that
(K)
the average cost (over all data points) of the recovered segmentation m
 (r) is at
(K)

worst within K log(P )/n of the optimal segmentation m(r) (see Theorem 22).
Before we describe the algorithm we need to deﬁne some new notations.
 (1) (μ) =
We deﬁne the approximate cost of a segment knowing its mean μ as C
(r)


2
2
(y(t)
−
μ)
/2σ
−
log(π
)
.
Using
this
notation
we
can
rewrite
the
classip
t∈r
(1)
(1)
(1)



ﬁcation cost of a segment r = [[t1 , t2 ]] as Ct1 ,t2 = minp {Ct1 ,t2 (μp )}, with Ct1 ,t2 (μ)
(1)
t,t
t(1),t (μ) =  C
(μ). Then we deﬁne
being point additive in the sense that C
1

2

t1 ≤t≤t2

the cost of the best segmentation knowing that the mean of the last segment is
μ as:

(K)
 (1) + C
 (μ) = min
 (1) (μ) .
C
C
1,t
(rk )
(rK )
(K)

m∈M(1,t)

Using this notation we get that

 (k)
C
1,t

k<K−1

 (k) (μp ) , and if we know every
= min C
1,t
p<P

(k)
t ,t (μ)
at step t for all p < P , we straightfowardly get C1,t in O(p). As C
1 2
t ,t (μ) is easy and can be done eﬃciently using the
is point additive updating C
1 2
following theorem.
(k)
C1,t (μp )

 (1)
 (k) (μ) = min C
 (k) (μ), C
(k−1) + C
Theorem 21. C
1,t+1
1,t
1,t
t+1,t+1 (μ)
 (k) (μ) = min
Proof. Let us ﬁrst notice that: C
1,t+1

τ <t+1

 (k) (μ) we get that:
the deﬁnition of C
1,t

 (k−1) + C
 (1)
C
(1,τ )
(τ +1,t) (μ) . Using



 (k−1) + C
 (1)
 (k) (μ) + C
 (1)
C
C
(μ)
=
min
1,t
(t+1,t+1)
(1,τ )
(t+1,t+1) (μ)
τ <t

From this the theorem follows.



 (k) (μ) and C
 (k−1) we get C
 (k) (μ) in O(1)
Using this theorem, knowing C
1,t
1,t
1,t+1
and we derive Algorithm 2 for the DP step of the DP-EM algorithm [11]. For
 (1) for t < n and C
 (k) (μp ). All
simplicity we did not include the initialization of C
1,t
1,1
 (k) (μp ) are initialized as +∞ and C
 (1) are initialized using their deﬁnition. At
C
1,1
1,t
step k, t of Algorithm 2 O(P ) basic operations are performed. If we sum these
for all k < K and t < n we straightforwardly see that the algorithm has an
O(KP n) time complexity.
2.3

A Bound on the Quality of the Approximation

Using the approximation deﬁned in Eq. 1 we can guarantee the quality of the
obtained segmentation using the following theorem.
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Algorithm 2. Linear DP algorithm for the classiﬁcation cost
Input: Y (t) a proﬁle of n observations, K an integer
Input: Ct1 ,t2 cost of the segments ]]t1 , t2 ]] for all (t1 , t2 ) ∈ [[1, n]]2
(k)
(k)
Output: C1,t in R and M1,t in N for all k ≤ K and t ≤ n
for k ∈ [[2, min(t, K)]] do
for t ∈ [[1, n]] do
for p ∈ [[1, P ]] do
(k)
(k)
(k−1)
(1)
C1,t (μp ) = min{C1,t−1 (μp ), C1,t−1 } + Ct,t (μp ) ;
(k)

(k)

(k−1)

M1,t (μp ) = argmin{C1,t−1 (μp ), C1,t−1 }
end for
(k)
(k)
(k)
(k)
(k)
C1,t = min{C1,t (μp )} ; p∗ = argmin{C1,t (μp )} ; M1,t = M1,t (μp∗ )
p

p

end for
end for

Theorem 22. Using approximation defined in Eq. 1 we have for all segments R
and K
 (K) − K log(P ) ≤ C (K) ≤
C
(R)
(R)

 (K) − K log(P ) ≤
C
(R)
(K)

(K)
 (K) .
C(R) ≤ C
(R)
(K)

r∈m
 (R)

r∈m
 (R)


(1)
 (1) (μp )}) and C
 (1) ≥ C
 (1) (μp ). From
Proof. We have C(r) = −log( p exp{−C
(r)
(r)
(r)
 (1) , which gives, along with the
 (1) − log(P ) ≤ C (1) ≤ C
this we get that: ∀r, C
(r)
(r)
(r)
(K)

deﬁnition of C(R) :
(K)  (K)
∀m ∈ M(R) , C
(R) − K log(P ) ≤

r∈m

 (1) − K log(P ) ≤
C
(r)

(1)

r∈m

C(r) .

(2)

Similarly we get:
(K)

(K)

∀m ∈ M(R) , C(R) ≤

(1)

r∈m

C(r) ≤

r∈m

 (1) .
C
(r)

(K)

(3)
(K)

 t1 ,t2 we get the
Applying Eq. 2 to m = mt1 ,t2 and then Eq. 3 to m = m
theorem.


3

Joint Segmentation and Parallelization
of the Algorithm

Joint segmentation arises when more than one proﬁle should be segmented
jointly. We make the distinction between simultaneous segmentation, where all
breakpoints are the sames across proﬁles, with joint segmentation where all proﬁles have their own speciﬁc breakpoints, but may share some characteristics, like
the same noise, the same biases, the same values for the mean of segments that
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share the same copy numbers (i.e. parameters μp ). When segmenting I proﬁles
jointly, a typical model is:
∀i ∈ [1, I], ∀t ∈ rki , Yi (t)|{Z(rki ) = p} ∼ N (μp + b(t), σ 2 ),
where rki stands for segment k of proﬁle i, and where b(t) is a bias function
that depends on the position (like the wave eﬀect [9]). Then the segmentation
i
i
= {r1i , ..., rK
}, and the global
of proﬁle i into Ki segments is denoted by mK
i
i
K1
I
segmentation into K segments is denoted by mK = {m1 , ..., mK
I }, with K =
I
i=1 Ki .
Joint segmentation presents an additional algorithmic challenge. When each
i
can be found indeKi is known, the best segmentation for each proﬁle mK
i
pendently and therefore computed in parallel using Algorithm 1 or 2. Then the
additional step, which remains sequential, is to determine (i) the common parameters across proﬁles ({μp }, b(t)) and (ii) the best combination of {Ki } that
provides the best joint segmentation for a given total number of segments K
[9]. Dynamic Programming has also been shown to provide an exact solution to
2
), where Kmax is the maximum number of segments
problem (ii) in O(I 3 Kmax
to be put in each proﬁle. Consequently, DP-based joint segmentation alternates
between parallel steps (computation of individual segmentations) and sequential
steps (estimation of common parameters and determination of the best combination of individual segmentations), as shown in Algorithm 3.

Algorithm 3. Parallel Algorithm for Joint segmentation
Input: {Yi (t)}, I proﬁles of n observations, K an integer, {
μ0p } starting values for
common parameters
Input: Cti1 ,t2 cost of the segments ]]t1 , t2 ]] for proﬁle i for all (t1 , t2 ) ∈ [[1, n]]2
 1 , ..., K
 I }, C (K i ) in R for all i ≤ I, k ≤ Ki and t ≤ n, {
Output: {K
μp }, 
b(t)
1,t
while not convergence do
for i ∈ {1, ...I} do in parallel
(k)
compute C1,t ∀k ≤ K and t ≤ n with Algorithm 2
end for
b(t)
update {
μp }, 
 I } with sequential DP [9]
 1 , ..., K
compute {K
end while

4

Correctness, Computational Footprint and Scalability

All the presented algorithms are available into the cghseg R-package1 , which
now relies on the parallel R-package and on the shared memory programming
1

http://cran.r-project.org/web/packages/cghseg
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Table 1. Performance comparison between the non linearized and non parallel (“old”)
and the linearized-parallel (“new”) versions. Performance is assessed through Mean
Square Errors (over 50 replicates) for the estimates of the number of segments (K̂),
the mean level of each segment (μ̂), and conﬁdence intervals for the False Discovery
and False Negative Rates for breakpoint detection. The methodology is similar to [9].
 MSEold (K)
 MSEnew (μ̂) MSEold (μ̂) CInew (fdr) CIold (fdr)
SNR MSEnew (K)

CInew (fnr) CIold (fnr)

1

[0.90; 1.02]

[0.90; 1.02]

[0.14; 0.16]

[0.14; 0.17]

[0.42; 0.45]

[0.42; 0.45] [0.59; 0.62]

5

[0.36; 0.44]

[0.37; 0.45]

[0.05; 0.06]

[0.05; 0.06]

[0.15; 0.20]

[0.17; 0.22] [0.21; 0.26]

[0.59; 0.62]
[0.23; 0.28]

10

[0.22; 0.30]

[0.23; 0.30]

[0.03; 0.03]

[0.03; 0.03]

[0.06; 0.10]

[0.07; 0.11] [0.08; 0.14]

[0.09; 0.14]

15

[0.17; 0.22]

[0.17; 0.23]

[0.02; 0.02]

[0.02; 0.02]

[0.02; 0.06]

[0.03; 0.07] [0.03; 0.08]

[0.03; 0.09]

20

[0.15; 0.20]

[0.15; 0.21]

[0.01; 0.02]

[0.01; 0.02]

[0.01; 0.05]

[0.01; 0.05] [0.01; 0.06]

[0.01; 0.07]

standard openMP in the C++ sections. The new package is now designed to be
executed in parallel on multiprocessor architectures.
We recall that the statistical performance of the model have been discussed
elsewhere [9], so that our focus here is computational only. Consequently, we
use a previously published simulation scheme to generate the data [9,12] with
n = 20,000 observations per proﬁle, and a number of proﬁles of 256, 512 and 1024.
The average number of segments is set to 10 for each proﬁle, and the Signal to
Noise Ratio is set to 5 (which corresponds to moderately easy conﬁgurations [9]).
We ﬁrst check the correctness of our method, by verifying that the linearization approximations (with and without calling) give the same statistical performance compared with the non-linearized version. This is shown in Table 1), as
the performance are identical over 50 replicates.
Then we assess the eﬀectiveness of the parallel implementation by running
cghseg on an increasing number of cores (1, 2, 4, 16, 32, 48). When dealing with
parallelized codes, the Amdahl’s law [1] provides the expected theoretical speedup
with respect to the time proportion of the sequential part and the number of
cores. The speedup of cghseg follows the Amdahl’s law when the number of proﬁles is high (Fig. 1, dashed lines), which demonstrates the quality of our implementation as the Amdahl’s law constitutes the best possible speedup. However,
we observe an unexpected moderate speedup decrease for a lower number of proﬁles. This is due to overheads associated with the use of the parallel R-package,
overheads which become negligible when the number of proﬁles is high. Still, the
execution time of conﬁgurations with 256 proﬁles is 6 min on average using 48
cores, which remains excellent.
While the main interest of cghseg lies in the quality of its results, the associated computational expense is aﬀordable even for very large datasets. As a
benchmark, we simulated datasets with 1024 proﬁles of length 100,000 which
corresponds to the up-to-date limits of the available datasets of SNP-arrays
for instance. When joint segmentation is performed along with calling, cghseg
required 4 h on average on 48 cores (see Table 2), which is very reasonable considering the size of the dataset. Lastly, due to the copy-on-write mechanism of the
parallel R-package that avoids memory copy between processes, and thanks to
the shared memory eﬃciency provided by openMP, the memory needs of cghseg

Fig. 1. Average speedup of cghseg observed on simulated datasets for a varying number of proﬁles and available cores (plain lines).
Amdahl’s law is empirically adjusted to the computing results with 256, 512 and 1024 proﬁles (dashed lines, with α = 0.2, 1.2, 4.5 %
respectively). The theoretical speedup is given by 1/(α + (1 − α)/c), where α is the time proportion of the sequential part and c the
number of cores. Points correspond to averages over 5 replicates. Run on a quadri-12 cores Opteron 2.2 GHz, 256 Gb RAM.
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Table 2. Average computational requirements of cghseg estimated on simulated
datasets for a varying number of proﬁles and observations, computed on 48 cores.
Results correspond to averages over 5 replicates. Run on a quadri-12 cores Opteron
2.2 GHz, 256 Gb RAM.
n (observations/proﬁle)
I (number of proﬁles)

20,000
256 512

Average CPU time (min)
Memory usage (Gb)

6
0.4

15
0.8

1024

100,000
256 512

1024

54
1.8

31
1.7

253
7.9

70
3.7

only correspond to the dataset under study (see Table 2). Therefore, our method
and software package are adapted to the next generation of computers (many
cores) and experiments (large proﬁles).
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